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a b s t r a c t 

The present work investigates gray and non-gray gas turbulence-radiation interactions (TRI) in a turbu- 

lent channel flow bounded by two isothermal hot and cold walls. Cases of various optical thicknesses 

are examined using Direct Numerical Simulations (DNS), coupled with a computationally efficient Monte 

Carlo radiative transfer solver. Several novel concepts are presented which not only allow to uniquely 

characterize but also to accurately model TRI for a wide range optical properties in non-reacting flows. 

First, we propose linear relations between fluctuations in radiative quantities (emission, incident radia- 

tion and absorption coefficient) and temperature fluctuations, where the coefficients of proportionality 

are solely functions of averaged quantities (e.g. emission fluctuations E ′ can be related with temperature 

θ in the following way, E ′ = f E ( ̄θ ) θ ′ ). The validity of these linear relations is supported by an excellent 

agreement with DNS for all considered gray gas cases. Using these linear relations it is possible to show 

that gray gas TRI can be fully characterized without accounting for fluctuations in absorption coefficient. 

Second, TRI for non-gray gases is investigated and the developed concepts are extended to account for 

the spectrally varying absorption coefficient. In particular, the derived linear relations are used to show 

that the influence of a wavelength dependent κ manifests itself in an increase of the “effective” optical 

thickness of the flow. A new turbulence based spectral averaging is proposed that results in a mean κ , 

which uniquely characterizes TRI of non-gray participating media. Finally, we apply our models to es- 

timate classical TRI (impact of fluctuations in radiative quantities on the mean radiative source) and a 

perfect agreement with DNS is observed. We anticipate that the proposed formulations also have the po- 

tential to allow for a better characterization in TRI, where strong temperature fluctuations are present, 

such as in combustion applications. Yet, this needs to be explored in future studies. 

© 2019 Published by Elsevier Ltd. 
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1. Introduction 

When dealing with high temperature applications, radiation is

the most significant mode of heat transfer. Therefore, it is impor-

tant to understand the coupling of three heat transfer modes in

high temperature radiative flows. Several numerical studies and ex-

perimental investigations have observed the appearance of inter-

actions between the turbulent temperature field (i.e., the fluctua-

tions of temperature and internal energy) and radiation in turbu-

lent flows of participating media, which cause strong heat trans-

fer modifications [1] . These interactions lead to the appearance of

a fluctuating radiative field, which in turn acts as source/sink for

quantities such as temperature variance and turbulent heat trans-

fer. As a consequence, two distinct but interrelated aspects of tur-
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ulence radiation interactions (TRI) are of importance. Namely, the

nfluence of the turbulent temperature field in the modification

f radiative quantities, and the effect of radiative heat transfer on

emperature statistics. 

.1. Previous works 

Most of the studies deal with the first aspect, particularly in

eactive flows, where, due to the high levels of temperature fluctu-

tions, T 4 � = T 
4 
. This causes a disagreement between the radiative

uantities calculated with the mean and the instantaneous temper-

ture which can be as high as 30% as demonstrated in the work of

oelho et al. [2] . In their 2009 study, Gupta et al. [3] examined

he impact of TRI in a gray turbulent planar channel flow through

he aid of large eddy simulation (LES). They investigated both re-

ctive and non reactive flows. In the latter case they noticed that,

hile mean profiles are significantly affected by radiative heat

ransfer, TRI impact proved to be minimal and safely negligible. It
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s important to remind that, in their paper, they define TRI only

s the influence of turbulence on the averaged radiative transfer

quation (RTE), i.e. the magnitude of T 4 / T 
4 

and κp T 4 / ( κ p · T 4 ) . The

mpact of radiative fluctuations on mean and rms temperature pro-

les was not assessed. On the other hand, the same ratios grow

rastically for a reactive flow reaching values of 3 to 6 near the

ame front [3] . Deshmukh et al. [4] assessed the influence of TRI

n statistically one-dimensional premixed flame using a fictitious

omposition dependent gray gas mimicking hydrogen-air combus-

ion products. They estimated the impact of both emission and ab-

orption TRI by calculating absorption coefficient–blackbody inten-

ity correlation factor and absorption coefficient–incident radiation

orrelation factor for two different optical thickness values (1 and

0). While the first one was always relevant, they showed that the

econd correlation factor increases to a significant value only at a

arger optical thickness. Moreover, Tesse et al. [5] modeled radia-

ive transfer in a sooty turbulent ethylene-air diffusion jet flame.

heir results confirm the findings of Ref. [2] by identifying an ad-

itional radiative heat loss of around 30% due to the TRI mecha-

ism. Again, by TRI only the effect of turbulence on the RTE was

ntended. They also pinpointed the major role of soot in the heat

elease due to radiation. Finally, Roger et al. [6] evaluated the mag-

itude of sub-grid scale TRI (on a LES grid) in a turbulent non reac-

ive plane jet. They noticed that sub-grid scales are not significant

ear the jet edges, where radiative heat transfer peaks. Therefore,

hey state that for this configuration TRI sub-grid scales can be ne-

lected. 

More recently, the influence of radiative heat transfer on the

urbulent temperature field has been investigated with the aid of

NS and LES in different conditions. Sakurai et al. [7] examined the

ole of radiation in the modification of convective heat transfer in

 horizontally buoyant gray turbulent channel flow. They noticed

hat, since radiative heat transfer acts as a sink of temperature

uctuations, organized large scale vortices characteristic of mixed

onvection are disrupted, making the system more similar to a

orced convection case. The optical depths investigated were lim-

ted to τ = 0 . 1 due to the optically thin approximation employed.

evertheless, they noticed a reduction of turbulent heat transfer

ith the increase of τ . On the other hand, they explained these

esults with the modification of mean temperature gradient (due

o the action of an averaged radiative source) rather than through

he direct dissipative action of radiative emission. The same reduc-

ion in temperature variance and turbulent heat flux was observed

y Vicquelin et al. [8] in their study from 2014. They coupled a

ariable density DNS to an accurate spectral Monte Carlo radiative

olver to study the effect of radiation on turbulence with varying

emperature and Reynolds number. After investigating radiative ef-

ects on the mean temperature profile [9] , they analyzed the mod-

fication of turbulent heat flux and enthalpy budgets and proposed

 radiative scaling to collapse turbulent quantities to universal pro-

les accounting for radiative heat transfer. Moreover, Ghosh et al.

10] extended the study of TRI to gray supersonic flows. They em-

loyed LES coupled to a discrete ordinate method (DOM) to in-

estigate mean quantities and energy budgets for turbulent chan-

el and pipe flows. Once again, their results report a growth of

RI impact with an optical thickness increase, although the range

f investigated τ remained in the optically thin region. Further-

ore, the same group published a study in 2015 [11] on the effect

f radiative heat transfer in both inert and reacting mixing lay-

rs. Again, a combination of gray gas DOM and LES was used to

olve the governing equations. They focussed on the modification

f thermodynamic variables fluctuations in the presence of a radia-

ive field. In particular, they report a decrease in temperature and

ensity fluctuations by the action of radiative transfer for a react-

ng mixing layer, while the same quantities exhibit an increase in
n inert mixing layer. While in the first case the direct action of ra-

iation on the temperature variance transport equation is deemed

o be the cause, in the second case the increased fluctuations are

xplained by the increase in the production term (in the same

ransport equation) due to indirect radiation effects. Finally, in our

ecent DNS study [12] we analyzed the effects of radiative heat

ransfer on temperature structures in a fully developed turbulent

hannel flow. We used the gray gas approximation and a constant

to show the influence of optical thickness ( τ ) in the modifica-

ion of the turbulent temperature field. The results showed that,

ot only the magnitude of TRI changes drastically upon increasing

, but also the behaviour of the TRI changes due to the shortening

f radiative length scales. If τ is sufficiently low, Radiative power

uctuations ( Q 

′ 
r ), which tend to reduce temperature variance, are

ompletely described by emission fluctuations. On the other hand,

or a large enough τ , also incident radiation fluctuations play a role

y inducing a recovery in the fluctuations of the turbulent temper-

ture field. In particular, this recovery is affected by the dimension

f the temperature scales, since larger structures are more efficient

n retaining the emitted radiation. In addition, the anisotropy of

emperature scales delays the recovery due to the larger surface to

olume ratio when compared to the isotropic nature of radiative

mission. 

.2. Scope of this research 

TRI is highly non-linear and hard to predict due to the counter

ntuitive dependency on the absorption coefficient. Consequently,

RI has not been fully characterized, particularly for complex prob-

ems involving non-gray radiative heat transfer. Traditionally, mod-

ling efforts directed towards TRI have accounted for the full ra-

iative source. Based on the results of our previous work [12] , we

ighlight the necessity of separately accounting for emission and

bsorption. The scope of this paper is, therefore, to provide a uni-

ersal understanding of TRI, especially in the framework of the

evelopment of radiative field fluctuations. To achieve this objec-

ive, linear relations for the radiative fluctuations are formulated

y analytical derivation. These relations provide a key to success-

ully understand and model TRI in non-reactive turbulent flows for

he considered optical thickness range. Furthermore, the effect of

 variable absorption coefficient, decomposed in a mean and fluc-

uating part, is investigated to demonstrate that TRI is fully ac-

ounted for by considering the variations of the mean absorption

oefficient only. Finally, the impact of a spectrally varying absorp-

ion coefficient is examined thoroughly. 

. Governing equations 

The governing equations for a variable density absorbing-

mitting turbulent flow are displayed below. We employed a

ow-Mach number approximation of the Navier–Stokes equations,

hich neglects the presence of an acoustic field. The asterisk ∗

tands for dimensional variables, while variables without asterisk

epresent non-dimensional quantities. The Navier–Stokes equations

re given by 

∂ρ

∂t 
+ 

∂ρu j 

∂x j 
= 0 , (1) 

∂ρu i 

∂t 
+ 

∂ρu i u j 

∂x j 
= − ∂ p 

∂x i 
+ 

∂τi j 

∂ x j 
, (2) 

∂ρθ

∂t 
+ 

∂ρu j θ

∂x j 
= 

1 

ReP r 

∂ 2 θ

∂ x j 2 
− Q r 

ReP rP l 
, (3) 
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Fig. 1. Schematic representing the TRI pathways and the connections between the 

quantities involved. 
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where 

τi j = 

1 

Re 

(
∂u i 

∂x j 
+ 

∂u j 

∂x i 
− 2 

3 

∂u k 

∂x k 
δi j 

)
, and ρ = 

T 0 
T 0 + θ

. (4)

Note that thermal conductivity, k ∗, specific heat capacity, c ∗p , and

viscosity, μ∗, are considered constant and have been incorporated

in the definitions of Re and Pr . Scattering has been neglected. The

spectral intensity I λ satisfies the radiative transfer equation (RTE),

given as 

s j 
∂ I λ
∂x j 

= κλ(I bλ − I λ) . (5)

The radiative power source is calculated as 

Q r = 

∫ ∞ 

0 

κλ

(
4 I bλ − 1 

π

∫ 
4 π

I λd

)

dλ. (6)

The non-dimensional variables are defined as 

x = 

x ∗

δ∗ , t = t ∗
U 

∗
b 

δ∗ , u = 

u 

∗

U 

∗
b 

, p = 

p ∗

ρ∗
c U 

∗
b 

2 
, θ = 

T ∗ − T ∗c 
T ∗

h 
− T ∗c 

, 

I bλ = 

I ∗
bλ

π

σ ∗T ∗c 
4 
, I λ = 

I ∗
λ
π

σ ∗T ∗c 
4 
, κλ = δ∗κ∗

λ, 

where x , t , u , p, θ , ρ , I b, λ, I λ and κλ are non-dimensional space

coordinates, time, pressure, temperature, density, blackbody inten-

sity, intensity and absorption coefficient, respectively. The non-

dimensional parameters Reynolds, Prandtl, Planck number and T 0 ,

which are kept constant among all cases, are defined as 

Re = 

U 

∗
b 
δ∗ρ∗

c 

μ∗ = 3750 , P r = 

μ∗c ∗p 
k ∗

= 1 , P l = 

k ∗�T ∗

σ ∗T ∗c 
4 δ∗ = 0 . 03 , 

T 0 = 

T ∗c 
�T ∗

= 1 . 5 , (7)

where U 

∗
b 
, δ∗ρ∗

c , σ
∗, T ∗c , T ∗

h 
and �T ∗ are bulk velocity, half chan-

nel height, cold wall density, Stefan–Boltzmann constant, cold and

hot wall temperature and their difference, respectively. The radia-

tive power, equation (6) , can be rewritten to highlight the radiative

quantities of interest as 

Q r = κp ( E − G ) , (8)

where κp , E and G are Plank-mean absorption coefficient, emission

and reference incident radiation (from now on referred to just as

incident radiation), defined as 

κp = 

1 ∫ ∞ 

0 I b,λdλ

∫ ∞ 

0 

κλI b,λdλ, (9)

E = 4 

(
θ

T 0 
+ 1 

)4 

, (10)

G = 

1 

κp π

∫ ∞ 

0 

κλ

∫ 
4 π

I λd 
d λ. (11)

For gray gas cases, κ∗(θ ) = C κP( T ∗−1 ) where P is a fifth order

polynomial which approximates the Planck-mean absorption coef-

ficient of water vapour in the range of 30 0–250 0 K [13] . The co-

efficients c 0 − c 5 are multiplied by a pre-factor C κ to achieve the

desired optical thickness as done in Refs. [3,7] . 

κ = δ∗
(

c 0 + 

c 1 
T 

+ 

c 2 
T 2 

+ 

c 3 
T 3 

+ 

c 4 
T 4 

+ 

c 5 
T 5 

)
. (12)

In case of a gray gas approximation, G coincides with the exact

definition of incident radiation. While gray gas cases will be un-

ambiguously compared using optical thickness based on mean ab-

sorption coefficient 

τ = 

1 

2 

∫ 2 

0 

κdy, (13)
l  
on-gray cases will be compared using both Planck-mean optical

hickness ( τ ) 

= 

1 

2 

∫ 2 

0 

κ p dy, (14)

nd global transmissivity ( t ), defined as 

 = 

1 

I b ( T | y =1 ) 

∫ ∞ 

0 

I bλ( T | y =1 ) exp 

(
−κλ( T | y =1 ) 

)
dλ. (15)

. Overview of turbulence-radiation interactions 

Fig. 1 shows a schematic which describes all the interaction

athways between the mean and the fluctuating temperature field,

nd the radiative quantities. The two dashed lines show path-

ays that, in non-reactive flows, are negligible with respect to the

ther coupling phenomena. The first pathway ( θ ′ → κ, E , G ) indi-

ates the impact of a fluctuating temperature field θ ′ on the mean

adiative quantities κ, E and G . In non-reactive flows, this path is

egligible since T ∗′ 
/ T ∗ � 1 (weak temperature fluctuations) as re-

orted in several previous works [3,6,8,10] . The second pathway

 κ ′ , E ′ , G 

′ → θ ) represents the direct impact of radiative fluctua-

ions on the mean temperature. This path is much smaller than its

ounterpart (the effect of average radiative quantities on the av-

rage temperature, κ, E , G → θ ), but despite small, it is the most

nvestigated in previous research on TRI. We will shortly address

his path at the end of this paper ( Section 9 ) and show that the

ramework developed here can also be used to model these classi-

al TRI relations. 

The largest effect of radiative fluctuations on θ is due to

he modification of θ ′ and the consequent change in turbulent

eat transfer ( θ → κ ′ , E ′ , G 

′ ↔ θ ′ → θ ). In non-reactive flows, this

echanism is the dominant TRI effect and is thus the focus of this

ork. In order to quantify and model this TRI mechanism, it is nec-

ssary to provide approximations for the fluctuations of radiative

uantities depicted in the bottom right block of Fig. 1 . For this rea-

on, the next sections will focus on investigating and modeling the

aths highlighted in blue in Fig. 1 . 

. Approximating radiative field fluctuations 

TRI manifests in the appearance of a fluctuating radiative field.

s such, in this section, we will derive mathematical relations to

xpress the fluctuations of radiative quantities. We will test these

elations in the following sections using DNS data to prove the va-

idity of the assumptions employed. Referring to Eq. (8) and the
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ottom left box in Fig. 1 , the quantities that require estimation are

 

′ κ ′ G 

′ . (16) 

he above κ is the same absorption coefficient found in both

qs. (5) and (8) for a gray gas case, while it coincides with the

lanck-mean absorption coefficient, Eq. (9) , for non-gray gasses.

he proposed linear relations take the following form 

 

′ ≈ f E θ
′ κ ′ ≈ f κθ

′ G 

′ ≈ f G θ
′ , (17)

here the coefficients of proportionality f κ , f E and f G only depend

n mean quantities and are independent of θ ′ . 

.1. Approximating E ′ 

Given Eq. (10) , emission fluctuations are defined as 

 

′ = E − E = 4 

(
θ

T 0 
+ 1 

)4 

− 4 

(
θ

T 0 
+ 1 

)4 

. (18)

y substituting the definition of the Reynolds decomposition of

= θ ′ + θ and rearranging the terms with the same order of θ ′ ,
t is possible to obtain 

 

′ = 

( 

16 θ
3 

T 4 
0 

+ 

48 θ
2 

T 3 
0 

+ 

48 θ

T 2 
0 

+ 

16 

T 0 

) 

θ ′ 

+ 

( 

24 θ
2 

T 4 
0 

+ 

48 θ

T 3 
0 

+ 

24 

T 2 
0 

) 

( θ ′ 2 − θ ′ 2 ) 

+ 

(
16 θ

T 4 
0 

+ 

16 

T 3 
0 

)
( θ ′ 3 − θ ′ 3 ) 

+ 

(
4 

T 4 
0 

)
( θ ′ 4 − θ ′ 4 ) . (19) 

onsidering only the first order terms, θ ′ , the first coefficient of

roportionality f E is defined as 

f E = 

16 θ
3 

T 4 
0 

+ 

48 θ
2 

T 3 
0 

+ 

48 θ

T 2 
0 

+ 

16 

T 0 
. (20)

.2. Approximating κ ′ 

In order to derive f κ , we will use the dimensional tempera-

ure T ∗, with its mean T ∗ = T ∗c + θ�T ∗ and its fluctuation as T ∗′ =
′ �T ∗. The asterisk will be dropped hereafter for the sake of sim-

licity. While for the gray gas cases, κ is exactly a 5th order poly-

omial of T ∗−1 
, for the non-gray gas cases the coefficients c 0 − c 5 

re found by fitting κ∗
p using a 5th order polynomial, such that for

ll cases 

= δ∗
(

c 0 + 

(
c 1 
T 

)
+ 

(
c 2 
T 2 

)
+ 

(
c 3 
T 3 

)
+ 

(
c 4 
T 4 

)
+ 

(
c 5 
T 5 

))
. (21) 

y assuming low temperature fluctuations, T ′ / T � 1 (invalid for

eactive flows), and by performing a Taylor expansion (neglect-

ng higher order terms), it is possible to show that 1 /T α ≈ 1 / T 
α

.

herefore, Eq. (21) can be approximated as 

≈ δ∗
(

c 0 + 

c 1 

T 
+ 

c 2 

T 
2 

+ 

c 3 

T 
3 

+ 

c 4 

T 
4 

+ 

c 5 

T 
5 

)
. (22) 

sing the Reynolds decomposition for κ ′ = κ − κ, it is possible to

pproximate κ ′ using (22) . Starting with the terms containing T −1 ,

ne obtains, by assuming that T ′ T � T 
2 
, 

 1 

(
1 

T 
− 1 

T 

)
= c 1 

(
T − T 

T T 

)
≈ −c 1 

T ′ 

T 
2 

= −c 1 
�T 

T 
2 

θ ′ . (23)
i

ccordingly, the terms with T −2 can be expressed as 

 2 

(
1 

T 2 
− 1 

T 
2 

)
= c 2 

( 

T ′ 2 − 2 T T ′ − T ′ 2 

( T 
2 + 2 T T ′ + T ′ 2 )( T 2 + T ′ 2 ) 

) 

. (24) 

gain, neglecting smaller terms in both the denominator ( ≈ T 
4 
)

nd the numerator ( 2 T T ′ 
 T ′ 2 − T ′ 2 ) yields 

 2 

(
1 

T 2 
− 1 

T 
2 

)
≈ −c 2 

2�T 

T 
3 

θ ′ . (25) 

n the same fashion, it is possible to demonstrate that 

 3 

(
1 

T 3 
− 1 

T 
3 

)
≈ −c 3 

3�T 

T 
4 

θ ′ , 

 4 

(
1 

T 4 
− 1 

T 
4 

)
≈ −c 4 

4�T 

T 
5 

θ ′ , 

 5 

(
1 

T 5 
− 1 

T 
5 

)
≈ −c 5 

5�T 

T 
6 

θ ′ . (26) 

ombining the above expressions, the second function is given by

f κ = −δ∗
(

c 1 
�T 

T 
2 

+ c 2 
2�T 

T 
3 

+ c 3 
3�T 

T 
4 

+ c 4 
4�T 

T 
5 

+ c 5 
5�T 

T 
6 

)
. (27) 

.3. Approximating G 

′ 

Owing to the non-local nature of incident radiation G , it is

onvenient to express its relation with the temperature field in

he wavenumber domain (i.e., Fourier transformed), rather than in

he spatial domain. A similar approach has been used by Soufiani

14] and in our previous work [12] , in case of a uniform κ , to visu-

lize the influence of radiative heat transfer on the turbulent tem-

erature spectrum. For the sake of simplicity, it is useful to first as-

ume isotropic turbulence and then to generalize the relations for

nisotropic cases. The derivation will be performed for a gray gas,

nd the extension for non-gray gases will follow in Section 8.2 . In

he case of homogeneous isotropic turbulence with a gray gas, the

ourier transform of incident radiation fluctuations simply yields 

̂ 

 

′ ( ω ) = 

1 

π

∫ 
4 π

̂ I ′ ( ω ) d
, (28)

here the hat indicates a three dimensional, spatial Fourier trans-

orm of an underlying quantity, and ω is the wavenumber vector.

he RTE for the fluctuating component of the intensity ( I ′ = I − I )

n the spatial domain reads 

 j 

∂ I ′ 
∂x j 

= κ I ′ b + κ ′ I b + κ ′ I ′ b − κ I ′ − κ ′ I − κ ′ I ′ + ( κ ′ I ′ 
b 
− κ ′ I ′ ) , (29)

hich after applying the Fourier transform gives 

 (s j ω j ) ̂  I ′ = κ̂ I ′ b + 

̂ κ ′ I b − κ̂ I ′ − ̂ κ ′ I . (30)

econd order terms, κ ′ I ′ 
b 

and κ ′ I ′ , can be neglected in non-reactive

urbulent flows, as demonstrated in Refs. [3,6,8,10] . The Fourier

ransform of the intensity fluctuation ̂

 I ′ can then be expressed ex-

licitly as 

 

 

′ = 

κ̂ I ′ b + 

̂ κ ′ I b − ̂ κ ′ I 
κ + i (s j ω j ) 

. (31) 

y substituting this relation back into (28) , the Fourier transformed

ncident radiation fluctuations can be written as 
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Fig. 2. Illustration of radiative effects on anisotropic structures in media with different κ values. L x , L z and L R are the length scales in the streamwise direction, in the 

spanwise direction and for radiative transfer, respectively. The dashed circle represents the model isotropic structure described by ω 

iso 
c (independent of κ). The red circle 

shows the correction to properly reflect the anisotropic structure. 
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̂ G 

′ = 

κ̂ I ′ b 
π

∫ 
4 π

1 

κ + i (s j ω j ) 
d
︸ ︷︷ ︸ 

G 1 

+ 

̂ κ ′ I b 
π

∫ 
4 π

1 

κ + i (s j ω j ) 
d
︸ ︷︷ ︸ 

G 2 

−
̂ κ ′ 
π

∫ 
4 π

I 

κ + i (s j ω j ) 
d
︸ ︷︷ ︸ 

G 3 

. (32)

In order to solve the integrals, it is convenient to split them into

a real and an imaginary part. The integrand in both G 1 and G 2 can

then be written as 

1 

κ + i (s j ω j ) 
= 

κ

κ2 + (s j ω j ) 
2 

− i 
(s j ω j ) 

κ2 + (s j ω j ) 
2 
. (33)

Using a variable transformation μ = (s j ω j ) /ω, as introduced by

Soufiani in [14] , allows to integrate both terms to ∫ 
4 π

κ

κ2 + (s j ω j ) 
2 

d
 = 

4 π

ω 

atan 

(
ω 

κ

)
, (34)

∫ 
4 π

(s j ω j ) 

κ2 + (s j ω j ) 
2 

d
 = 0 , (35)

where ω = ‖ ω ‖ . Note, the integral of the imaginary part is zero,

such that the final expressions for G 1 and G 2 are 

G 1 = 4 κ
̂ I ′ b 
ω 

atan 

(
ω 

κ

)
, (36)

G 2 = 4 I b ̂
 κ ′ 

ω 

atan 

(
ω 

κ

)
. (37)

The term G 3 requires a different treatment due to the presence of

the non-isotropic quantity I . As a crude approximation, let us as-

sume an isotropic I field, i.e. I being independent of 
. The impli-

cations of this approximation will be discussed later. In this case,

the integration gives an equivalent result as for G 1 and G 2 above,

namely 

G 3 ≈ 4 I ̂
 κ ′ 

ω 

atan 

(
ω 

κ

)
. (38)

Since I has been assumed is isotropic, the mean incident radiation

reduces to G = 4 I , such that 

G 3 ≈ G ̂

 κ ′ 
ω 

atan 

(
ω 

κ

)
. (39)

Finally, the sum of the three individual terms gives the approx-

imation of the incident radiation fluctuations in a Fourier trans-

formed domain 

̂ G 

′ ≈ κ
̂ E ′ 
ω 

atan 

(
ω 

κ

)
+ E ̂

 κ ′ 
ω 

atan 

(
ω 

κ

)
− G ̂

 κ ′ 
ω 

atan 

(
ω 

κ

)
, (40)
here 4 I b has been replaced by E in the first and second term.

q. (40) relates the Fourier transform of G 

′ to ̂ E ′ and 

̂ κ ′ . In par-

icular, these are scaled by a real function of the wavenumber

 1 /ω · atan (ω/ κ) ). The lack of an imaginary part in the scaling

unction implies that ̂ G 

′ has no direct phase shift when compared

o ̂ E ′ and 

̂ κ ′ . The rotational phase shift produced by the presence

f an imaginary part can only be caused by the long-range action

f I in G 3 , which propagates local absorption coefficient fluctua-

ions from other directions. However, by employing the isotropic

ssumption, the mean intensity ( I ), which couples the local κ ′ to

 

′ , is considered equal coming from all directions. 

To obtain a closed expression for ̂ G 

′ as a function of θ ′ , it is nec-

ssary to replace ω with one characteristic value, namely ω c . After

ollecting terms with κ ′ and replacing ω with ω c , Eq. (40) can be

ritten as 

̂ 

 

′ ≈ κ

ω c 
atan 

(
ω c 

κ

)
︸ ︷︷ ︸ 

not f (ω) 

·̂ E ′ + 

E − G 

ω c 
atan 

(
ω c 

κ

)
︸ ︷︷ ︸ 

not f (ω) 

·̂ κ ′ . (41)

his entails that the shape of the G spectrum is entirely defined by

he E and κ spectra. If this is done, an inverse Fourier transform of

q. (41) yields 

 

′ ≈ κ

ω c 
atan 

(
ω c 

κ

)
· E ′ + 

E − G 

ω c 
atan 

(
ω c 

κ

)
· κ ′ . (42)

ubstituting E ′ = f E θ
′ and κ ′ = f κθ ′ yields 

 

′ ≈
(

κ

ω c 
atan 

(
ω c 

κ

)
· f E + 

E − G 

ω c 
atan 

(
ω c 

κ

)
· f κ

)
· θ ′ , (43)

nd finally, the expression for the third and last coefficient of pro-

ortionality f G can be stated as follows 

f G = 

(
f E κ + f κ ( E − G ) 

ω c 

)
atan 

(
ω c 

κ

)
. (44)

.4. Determining ω c for anisotropic turbulence 

To obtain a formal expression for Eq. (42) , the parameter

 c , which represent the length scale of the average energy-

ontaining temperature structure, requires a closure. In homoge-

eous isotropic turbulence it can be defined as the expected value

f ω based on the normalized turbulent temperature power den-

ity spectrum. 

 c = 

∥∥∥∥∫ ∞ 

0 

ω S θ ( ω ) 

θ ′ 2 
d ω 

∥∥∥∥, (45)

here S θ is the spectrum of temperature fluctuations. Note, tem-

erature has been chosen since κ and E are fully defined by θ .

he integrand in Eq. (45) represents the normalized distribution
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Fig. 3. Visualization of the “collapsing” procedure that retrieves a characteristic ω c to describe the radiative field. On the left: temperature fields at y/δ = 1 . 1 (top) and 

y/δ = 1 . 97 (bottom). On the right: corresponding single mode fields denoted by ω c . 
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f temperature fluctuations over all scales, and as such, it is an ap-

ropriate choice to define the length scale of the energy containing

ddies. 

In a channel flow, however, temperature structures are

nisotropic due to the presence of walls. In mathematical terms,

his means that the inhomogeneous wall-normal direction does

ot allow the application of the Fourier transform in Eq. (29) in

ll spatial directions. As such, ∂ y ̂  I ′ would remain in Eq. (30) , pre-

enting the derivation of an analytic solution. To overcome this, we

ill only account for the anisotropic temperature structures in the

urbulent flow and assume that the fluctuations of the incident ra-

iation emerge from an unbounded domain without the presence

f walls. 

If we follow the same approach as in homogeneous isotropic

urbulence, the dimension of the scales can be inferred from the

ne-dimensional temperature spectrum in span-wise and stream-

ise directions. The resulting ω 

iso 
c is then obtained as 

 

iso 
c = 

[ (∫ ∞ 

0 ω x S θ (ω x ) dω x 

θ ′ 2 

)2 

+ 

(∫ ∞ 

0 ω z S θ (ω z ) dω z 

θ ′ 2 

)2 
] 0 . 5 

. (46) 

s described in Ref. [12] , anisotropic temperature structures are as-

ociated with an absorption penalty due to a “non-spherical sur-
Isothermal w

Isothermal w
x

y

z

κ

Lz
=

2π
δ
∗

u

ig. 4. Schematic displaying the computational domain. The profiles shown are the Favre

oefficient ( κ) for case H. 
ace to volume ratio” when compared to the isotropic nature of ra-

iative emission. Fig. 2 shows an example of an anisotropic struc-

ure immersed in flows of different absorption coefficients (in-

reasing from left to right). L R represents the mean-path length of

adiative heat transfer which is inversely proportional to κ . If κ is

uch smaller than the structure’s wavenumbers ( Fig. 2 , left), radi-

tion escapes almost equally from all directions. It is clear that an

sotropic structure with wavenumber ω 

iso 
c results in an equivalent

ehaviour, since the shape of the structure does not influence the

bsorption process. On the other hand, if κ−1 is comparable to the

ength scales of the temperature structure (center), radiation is al-

owed to escape in one direction while being absorbed in another.

owever, the isotropic structure described by ω 

iso 
c (dashed circle

n Fig. 2 ), results in complete absorption in all directions. In this

ase, a more suitable approximation would be a smaller isotropic

tructure which allows for escaping radiation, as shown by the red

ircles in Fig. 2 . Therefore, it is necessary to increase ω 

iso 
c to ac-

ount for this effect. It is crucial to notice that the correction of

 

iso 
c must be larger as κ grows, as demonstrated in Fig. 2 by com-

aring the central and right image. As a first approximation, it is

ossible to correct for the structure’s anisotropy by including the

adiative length scale L R in the definition of ω c . By doing so, the

ncrease of the absorption penalty with increasing κ is naturally
all at T ∗
c = 573 K

all at T ∗
h = 955 K

Lx = 4πδ∗

L
y

=
2
δ∗

 averaged streamwise velocity ( ̃  u ) and Reynolds averaged Planck-mean absorption 
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Fig. 5. Mean quantities for gray gas cases. Top left: Favre averaged temperature profile. Top right: Reynolds averaged radiative power. Bottom left: temperature rms profiles. 

Bottom right: turbulent heat flux. Solid gray line: no radiation, dashed line: G01 case, dashed-dotted line: G1 case, solid black line: G10 case. 
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included. Incorporating L R in ω c results in 

ω c ∝ 

√ 

L x 
−2 + L z 

−2 + L R 
−2 

. (47)

However, it yet has to be decided how much absorption to account

for when defining the radiative length scale. From Beer’s law, L R 
can be expressed as 

L R = 

ln (X ) 

κ
, (48)

where X is the remaining radiative intensity after a certain dis-

tance L R (in percentage). Mathematically speaking, complete ab-

sorption occurs at L R → ∞ , which would result in ω c = ω 

iso 
c . If 90%

of absorbed radiation is accounted for, the corrected characteristic

wavenumber can be expressed as 

ω c = 

[ (∫ ∞ 

0 ω x S θ (ω x ) dω x 

θ ′ 2 

)2 

+ 

(∫ ∞ 

0 ω z S θ (ω z ) dω z 

θ ′ 2 

)2 

+ 

(
κ

ln (10) 

)2 
] 0 . 5 

. (49)

An example of approximating all wavenumbers by one char-

acteristic isotropic mode is visualized for the flow in a turbulent

channel in Fig. 3 . The contours on the left show the temperature

field at two wall parallel planes, namely at a plane close to a chan-

nel center (top) and a plane close to a wall (bottom). κp is roughly

8 and 12 for the top and bottom contour, respectively. The con-

tours on the right show the corresponding isotropic fields “seen”

by G 

′ . These are characterized by a single mode described by ω c 

as calculated by Eq. (49) (the amplitude of the field is completely

irrelevant since ω c provides only a scaling parameter). Consistent

with the theory developed in Ref. [12] and the above reasoning,

the dominant mode of anisotropic structures at y/δ = 1 . 97 corre-

spond to the largest wavenumber of the field. 
. Numerical implementation and studied cases 

The computational domain for the channel flow is outlined as

ollows: streamwise length L x = 4 πδ∗, spanwise length L z = 2 πδ∗

nd wall normal height L y = 2 δ∗, where δ∗ is the half channel

eight. The number of grid points used is 192 × 192 × 192. The

orresponding grid spacing in terms of plus units is �x + ≈ 12 . 5 ,

y + w 

≈ 0 . 38 and �z + ≈ 6 . 3 . The channel is periodic in the stream-

ise and spanwise direction both in terms of flow and radiative

eat transfer. The Navier–Stokes equations have been solved using

 pseudo-spectral method in the periodic directions, and a sixth or-

er staggered compact finite difference scheme for the discretiza-

ion of derivatives in the wall normal direction. A pressure correc-

ion scheme is employed based on the projection method, while a

ressure gradient is applied in the streamwise direction in order

o maintain a constant Reynolds number based on bulk velocity.

or details and validation of the DNS code, the reader is referred

o Refs. [15–17] . 

The simulations consist of three gray gas cases (G01, G1 and

10) and three non-gray gas cases (H, C and P). The synthetic spec-

ra for the three non-gray cases have been produced to provide a

ifferent level of spectral variability of κλ such that, as it will be

xplained in more details in Section 7 , the influence of different

bsorption spectra can be assessed. All cases share the same flow

arameters (Reynolds, Prandtl, Planck number) defined in Eq. (7) ,

s well as the same boundary conditions, spatial mesh and Navier–

tokes solver. The flow is bounded by two black isothermal walls

 ε w 

= 1 ) kept at 573 K (top) and 955 K (bottom), respectively. The

ifference between the cases lies in the description of radiative

eat transfer. The details of the latter on a case to case basis are

hown in Table 1 . 

In the gray gas cases, a finite volume method (FVM) [18] with

 high-order resolution CLAM spatial discretization scheme, as de-
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Fig. 6. Comparison between radiative field fluctuations from DNS (symbols) and estimated by using θ rms and θ (gray lines). Diamonds: τ = 0 . 1 . Squares: τ = 1 . Circles: 

τ = 10 . 

Table 1 

Details of simulated cases. 

Case κ∗ τ Method discretization 

base 0 0 – –

G01 κ∗( θ ) 0.1 FVM 96 angles 

G1 κ∗( θ ) 1 FVM 96 angles 

G10 κ∗( θ ) 10 FVM 384 angles 

H κ∗
λ

(H 2 O) 8.02 MCM 15 · 10 3 rays per cell 

C 0 . 1 κ∗
λ

(CO 2 ) 2.99 MCM 9 · 10 3 rays per cell 

P 0 . 1 κ∗
λ

(H 2 O)+2 2.79 MCM 9 · 10 3 rays per cell 
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cribed by Coelho [19] has been used. Cases G01 and G1 employ

 total of 96 independent directions, while for case G10, due to

he higher absorption level, 384 directions have been used. For the

on-gray gas cases, the radiative transfer equation has been solved

ith an optimized emission based reciprocal Monte Carlo formu-

ation as described in Zhang et al. [20] . The Monte Carlo solver

alculates the radiative source term on the full DNS mesh and

s coupled to the fluid solver every 5 fluid time steps. The spec-

ral description has been treated with a narrow band correlated-K

ormulation based on line-by-line spectra obtained from the HI-

RAN 2012 spectroscopy database [21] . The full spectra in the

00–1010 K temperature range (with a step of 10 K) have been

ivided into 119 and 130 narrow bands for H 2 O and CO 2 , respec-

ively. 16 quadrature points for each narrow band have employed.

50 0 0 rays per cell have been used for the optically thicker case

H), while for cases P and C 90 0 0 rays per cell were sufficient,

s the associated intrinsic variance results being lower than 1%.

he Monte Carlo solver is executed on GPU, implemented via the

rogramming language CUDA. Several techniques are employed in

rder to increase the level of parallelization and improve the effi-

iency of memory access and thread execution. For a detailed de-

cription of the implementation and validation of the Monte Carlo

ode, the reader is referred to Ref. [22] . 
Fig. 7. Comparison between absorption and emission term from DNS (symbols) and e
. Gray gas cases 

This section is intended to verify the validity of the relations

erived in Section 4 and to compare the predictions with the DNS

ata. Furthermore, the influence of a variable absorption coefficient

n the turbulent temperature field is investigated. In a participat-

ng turbulent flow, velocity profiles and statistics are not directly

onnected to radiative heat transfer but are indirectly affected by

he modification of the density profiles. Most of the published

ork regarding the modification of velocity due to radiation deal

ither with buoyant [7] or with supersonic cases [10] . On the other

and, in the simulated cases, gravity has been neglected and a low

ach number approximation has been employed. In addition, the

ensity variations are relatively small (40% between the hot and

he cold wall). Consequently, the effects of radiation on velocity

re completely negligible. Since the velocity profiles are the same

s for a well-known ideal gas turbulent channel flow, we will omit

he analysis of the latter. 

.1. DNS results and validation of linear relations 

Fig. 5 shows the profiles of Favre averaged non-dimensional

emperature ˜ θ and Reynolds averaged radiative heat source Q r (the

nlay shows a zoom on the y -axis), as well as temperature root-

ean-square values θ rms , and turbulent heat flux ρ ˜ v ′′ θ ′′ . Radiative

eat transfer causes a growth in bulk temperature and, upon in-

reasing optical thickness, the temperature gradient rises in the

ore of the channel while reducing near the walls. The mean ra-

iative source can be expressed as 

 r = κ( E − G ) + ( κ ′ E ′ − κ ′ G 

′ ) . (50)

he second order terms will be analyzed and modeled in Section 9 .

evertheless, it has been already demonstrated that κ ′ E ′ and κ ′ G 

′ 
re negligible in non-reactive flows [3,6,8,10] . Therefore, it is pos-

ible to account for mean radiative heat transfer effects as only in-

uenced by κ . Profiles of θ rms are presented in Fig. 5 (c). Again, the
stimated by using θ ′ 2 and θ (lines). Left: τ = 0 . 1 , center: τ = 1 , right: τ = 10 . 
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Fig. 8. Effect of κ ′ on θ ′ . 
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typical behaviour of temperature fluctuation in the presence of a

fluctuating radiative field is observed. Namely, temperature fluc-

tuations are reduced due to the action of a turbulent emission

field that acts as a damping mechanism. This occurs throughout

the channel but has a larger impact near the walls where temper-

ature structures are thin and streaky. At a higher τ , θ rms are recov-

ered by the presence of a stronger fluctuating G field. The recovery

occurs in the core of the channel where quasi-isotropic structures

are more efficient in retaining the emitted energy. The peak of the

recovery is slightly shifted to the top of the channel where κ is

larger. The trend of θ rms induces the same behaviour in the turbu-

lent heat flux shown in Fig. 5 (d). 

To validate the relations derived in Section 4, Fig. 6 shows the

comparison of radiative field fluctuations ( κ rms , E rms and G rms ) di-

rectly obtained from DNS with the values estimated from the lin-

ear relations. In particular, since the coefficients only depend on

averaged quantities, the estimations take the following form 

κ� 
rms = f κθrms E � rms = f E θrms G 

� 
rms = f G θrms , (51)

where the star superscript (here and in the following sections) in-

dicates that the value has been estimated. The right-hand side of

relations in (51) is calculated from DNS data. Fig. 6 proves that the
Fig. 9. Comparison between radiation term estimated using the full absorption coefficient

(lines). Left: τ = 0 . 1 , center: τ = 1 , right: τ = 10 . 

Fig. 10. Influence of κ ′ on G ′ . ( a ): comparison between f κ
G 

(black) and f κ
′ 

G 
(gray) norma
adiative field fluctuations are well represented by their approxi-

ation. G rms is estimated using both ω 

iso 
c (dashed-dotted line), and

 c (grey solid line). Except for case G10, the two profiles collapse

nto each other. Indeed, it is necessary to correct for anisotropic

tructures only if L R ≈ω z , meaning if the optical thickness is large

nough (see Fig. 2 ). 

.2. Impact of absorption coefficient fluctuations on temperature 

ariance 

The effect of radiative heat transfer on the turbulent temper-

ture field manifests through the radiation term R in the Favre

veraged temperature variance equation, which, neglecting terms

ontaining θ ′′ , reads 

D ̃

 

θ ′′ 2 

Dt 
= −2 ρ ˜ u 

′′ 
j 
θ ′′ ∂ ̃

 θ

∂x j 
−

∂ ρ
˜ 

u 

′′ 
j 
θ ′′ 2 

∂x j 

+ 

2 

ReP r 

(
1 

2 

∂ 2 θ ′ 2 

∂x 2 
j 

−
(

∂ θ ′ 
∂x j 

)2 

− 1 

P l 
Q 

′ 
r θ ′ ︸︷︷︸ 
R 

)
. (52)

The magnitude of the radiation term depends on the optical

hickness of the medium. As τ tends to zero the radiative terms

isappears. The same occurs when τ → ∞ . Around τ = 10 , the ra-

iative term is dominant and balances turbulent production. A de-

ailed analysis of the temperature variance budgets in a radiative

ow can be found in Ref. [8] and in our recent work [12] . The ra-

iation term R can be decomposed in an emission term E and an

bsorption term A as 

 = (κE) 
′ θ ′ ︸ ︷︷ ︸ 

E 

− (κG ) 
′ θ ′ ︸ ︷︷ ︸ 

A 

. (53)

and A can be expanded, neglecting third order correlations, into

erms depending on κ and on κ ′ to highlight the different in-

uence of the mean and the fluctuating part of the absorption
 (symbols) and using only the terms depending on the mean absorption coefficient 

lized by f G . ( b ): comparison between A κ (black) and A κ ′ (gray) normalized by A . 
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Fig. 11. Absorption spectrum at 770 [K] and 1 [bar] for case H (blue), case C (red) and case P (black). 
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oefficient. 

 = E · κ ′ θ ′ ︸ ︷︷ ︸ 
E κ′ 

+ κE ′ θ ′ ︸ ︷︷ ︸ 
E κ

A = G · κ ′ θ ′ ︸ ︷︷ ︸ 
A κ′ 

+ κG 

′ θ ′ ︸ ︷︷ ︸ 
A κ

. (54)

Substituting relations (17) in Eq. (54) yields estimations for E
nd A 

 ≈ E � = E f κθ ′ 2 ︸ ︷︷ ︸ 
E � 
κ′ 

+ κ f E θ ′ 2 ︸ ︷︷ ︸ 
E � κ

A ≈ A 

� = G f κθ ′ 2 ︸ ︷︷ ︸ 
A � 

κ′ 

+ κ f G θ ′ 2 ︸ ︷︷ ︸ 
A � κ

. (55)

ig. 7 shows the comparison between the estimated terms and the

alues obtained by DNS, demonstrating that the derived linear re-

ations are capable of accurately predicting the radiation terms. 

To isolate the effects of κ ′ it is possible to further decompose

 G into a κ and a κ ′ dependent term as 

f κG = 

f E κ

ω c 
atan 

(
ω c 

κ

)
f κ

′ 
G = 

f κ ( E − G ) 

ω c 
atan 

(
ω c 

κ

)
, (56)

ith f G = f κ
G 

+ f κ
′ 

G 
. Fig. 8 shows the coupling between κ ′ and θ ′ . κ ′ 

an influence θ ′ directly, through E κ ′ − A κ ′ , or indirectly through

he modification of G 

′ . 
The direct impact of κ ′ on θ ′ can be visualized by comparing

 κ − A κ to E κ ′ − A κ ′ . This comparison is displayed in Fig. 9 for

ases G01 (left), G1 (center) and G10 (right). The symbols show

he full radiation term R , while the lines are the radiation term

alculated taking into account κ contributions only. Accounting for

 mean absorption coefficient is enough to retrieve the full radi-

tion term, thereby demonstrating that κ ′ has a negligible direct

nfluence on temperature fluctuations. 
ig. 12. Mean quantities for non-gray gas cases. Left: Favre averaged temperature profile

adiation, dashed line: case H, dashed-dotted line: case C, solid black line: case P. 
Furthermore, the comparison between f κ
G 

and f κ
′ 

G 
is shown in

ig. 10 (a). The two terms are normalized by the total f G to high-

ight their relative magnitude. The results prove that f κ
G 

is always

ominant over the κ ′ term. Moreover, the relative difference be-

ween the two terms increases with a larger optical thickness. A

mall influence of f κ
′ 

G 
can be detected in the lower optical thick-

ess case (G01). To quantify the indirect effect of κ ′ , it is necessary

o verify the impact of the absorptive term A κ , which connects G 

′ 
o θ ′ (see Fig. 8 ). Fig. 10 (b) shows the comparison between the

bsorptive term depending on κ ′ (in gray) and A κ (in black). For

 low optical thickness, the latter tends to zero, which indirectly

roves that G 

′ = 0 in the limit of τ → 0. As a consequence, despite

f κ
′ 

G 
having a non-negligible value in the low optical thickness case,

he low magnitude of A κ nullifies any possible influence of κ ′ . 
In conclusion, it has been demonstrated that in high-

emperature non-reacting flows, TRI can be accounted for by the

ariation of the mean absorption coefficient alone. The presence of
′ can be neglected completely, independently from the value of

he optical thickness. 

. Non-gray gas cases 

This section is intended to investigate how a wavelength depen-

ent absorption coefficient modifies TRI. The absorption spectra of

ases H, C and P, as defined in Table 1 , are specifically designed to

ompare TRI in flows with different spectral variability. The non-

imensional absorption spectra for the three cases at 770 K and

 bar are shown in Fig. 11 . The spectrally averaged parameters for

he three cases are shown in Table 2 . 
. Center: temperature RMS profiles. Right: turbulent heat flux. Solid gray line: no 
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Fig. 13. Radiation terms E and A . Left: case H. Center: case C. Right: case P. 

Table 2 

Optical thickness and global 

transmissivity for the non-gray 

cases. 

Case H C P 

τ 8.02 2.99 2.79 

t 0.51 0.88 0.10 
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Fig. 14. Profiles of A κ / (E κ − A κ ) for the different gray and non-gray gas cases. 

dashed line: case H, dashed-dotted line: case C, solid line: case P. The thin gray 

lines show the gray gas cases. 
The categorization of TRI with non-gray gases is difficult. Based

on the optical thickness of the channel, one has τH > τ C � τ P , sug-

gesting that TRI in H is characterized by an optically thicker be-

haviour when compared to C and P. Contrarily, the transmissivity

( Eq. (15) ) for these cases satisfies t P < t H < t C , implying that case C

is the most transparent. How the TRI mechanism manifests itself,

is, therefore, not clearly described by these two parameters. 

Fig. 12 shows several quantities of interest for the three in-

vestigated cases. The figures present plots of Favre-averaged tem-

perature, temperature rms and turbulent heat flux profiles on the

left, center and right, respectively. Contrarily to what could be ex-

pected, all profiles of H are enclosed in between those of C and P.

Moreover, case P and C show very different profiles, despite having

similar average absorption coefficients. Global transmissivity seems

to order correctly the mean temperature profiles but fails to com-

pletely capture the physics occurring. For example, the bulk tem-

perature is lower for case C than for case P, signifying a lower bulk

Q r in case C. By taking into account Eq. (50) , this could be the

effect of two contrasting causes: (1) a lower κ (more transparent

case), (2) a lower E − G , which is typical of a higher optical thick-

ness fluid. Since C and P have very similar κ p , it is clear that the

correct option is the second. 

This is corroborated by the fact that also TRI in case C is akin to

an optical thick case, as can be noticed by the larger temperature

gradient near the walls. This indicates that the highly anisotropic

temperature structures close to the boundaries are sensitive to G 

′ ,
enabling a higher turbulent heat transfer from the near wall region

to the core of the channel. Evidence can be found by inspecting the

θ rms profiles in Fig. 12 (b), which indeed is as high as for a non-

radiative case. As a consequence, a larger turbulent heat transfer

is observed when compared to the other radiative cases, especially

near the hot wall ( Fig. 12 (c)). The results for case C appear more

similar to a gray gas case with τ > 10 than what can be predicted

using τ or t . 

On the other hand, case P shows optically thinner TRI when

compared to the other non-gray cases. This is substantiated by the

lower θ rms which are proof of lower G fluctuations. A confirmation

of the above reasoning is found by inspecting the radiation terms

E and A , shown in Fig. 13 . The left plot corresponds to profiles of

case H, while center and right plots show values for case C and

P, respectively. The magnitude of E and A are highest for case C,

followed by H and P. In particular, it is possible to notice that for
ase C, A ≈ E, proving that the incident fluctuation field is tightly

orrelated to the temperature field. This is typical of an optically

hick flow, as it will be explained in the next section. Following

he analysis of the DNS results, the categorization of TRI in the

on-gray cases suggest that the three cases effectively behave as

ecreasing in optical thickness when going from C to H and then

o P. 

. How to categorize TRI in non-gray gases? 

.1. “Effective” TRI optical thickness 

Due to the high variability of the absorption spectra of a non-

ray gas, using τ or t to categorize TRI is ambiguous and may even

ead to wrong conclusions, as clearly demonstrated in Section 7 .

or this reason, it is necessary to identify a new parameter to

learly characterize TRI for a wide range of optical thicknesses,

hich is not trivial due to the non-monotonic behaviour of most

ariables and their complex non-linear interactions. Starting from

he gray gas cases, it is possible to observe a consistent trend,

hich will help to identify the unique mechanisms of TRI. Taking

nto account the two extremes of an optically thin and thick gas, it

an be stated that 

 

′ 
 G 

′ → 0 , if τ → 0 (57)

 

′ − G 

′ � G 

′ → E ′ , if τ → ∞ . (58)

n the optically thin limit, only emission produces fluctuations,

hile in the optically thick limit, emission and absorption fluc-

uations balance. We claim that, for a gray gas, increasing or de-

reasing τ can be linked to approaching either limiting behaviour,

ithout the necessity of analyzing any other quantity to charac-

erize TRI. As a consequence, if two flows have substantially dif-
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Fig. 15. Comparison of κ� 
rms and E � rms (gray lines) with κ rms and E rms obtained by DNS (symbols). Circles: case H, squares: case C, diamonds: case P. 
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erent τ values, for example τ 1 > τ 2 , it follows that (E ′ 1 − G 

′ 
1 ) /G 

′ 
1 <

(E ′ 2 − G 

′ 
2 ) /G 

′ 
2 . This means that incident radiation fluctuations ap-

roach emission fluctuations since radiation is absorbed closer to

he emission point. More generally, using the decomposition of the

adiation term R , Eq. (54) , this can be approximated by the fol-

owing inequality 

A κ

E κ − A κ

∣∣∣
τ1 

� 

A κ

E κ − A κ

∣∣∣
τ2 <τ1 

. (59) 

ndeed, Fig. 14 confirms that for gray gas turbulence, the quantity

n the above equation is monotonically associated to τ (see the

ray lines). The definition of large and small optical thickness TRI

an be related to the expressions in (57) and ( 58 ). Consequently,

omparing optical depths, with regards to TRI, is interchangeable

ith comparing the quantities in expression (59) . 

On the other hand, for a non-gray gas this is not the case.

ig. 14 indeed confirms that the non-gray gas cases behave as if

C > τH > τ P . Neither the Planck-mean optical thickness τ nor the

lobal transmissivity t can reflect this behaviour. Hence, it is neces-

ary to derive a new spectrally integrated parameter to categorize

RI, which can allow a leading order comparison between non-gray

nd gray gas cases. 

.2. Derivation of a TRI based spectral averaging 

The new parameter must be connected to TRI, so it is useful

o employ the three correlations derived in Section 4 and adapt

hem when necessary for non-gray gases. f κ and f E do not require

ny modifications to account for spectrally varying absorption co-

fficients, since κp and E are spectrally integrated quantities. This

s exemplified by Fig. 15 , where it can be seen that the estimated

rofiles for κ rms (left) and E rms (right) match well with the data

btained from DNS. On the other hand, f G must be modified to ac-

ount for non-gray gases, due to the dependency on κλ, Eq. (11) . If

e assume that κ ′ (both κ ′ 
λ

and κ ′ 
p ) have a negligible influence on

 , we can write 

 

′ ≈ 1 

κ p 

∫ ∞ 

0 

κλG 

′ 
λdλ, where G 

′ 
λ = 

1 

π

∫ 
4 π

I ′ λd
. (60)

ince a single wavelength can be described by a gray gas, G 

′ 
λ

is

roperly predicted by 

 

′ 
λ ≈ 4 κλ

I ′ 
b,λ

ω c 
atan 

(
ω c 

κλ

)
. (61) 

dditionally, since G 

′ is a spectrally integrated quantity, it can be

pproximated with a gray gas having a fictitious absorption co-

fficient κg . As a consequence, the combination of Eqs. (60) and

61) yields a constitutive relation for κg , 

 I ′ b 
κg 

ω c 
atan 

ω c 

κg 
≈ 1 

κ p 

∫ ∞ 

0 

κ2 
λ

4 I ′ 
b,λ

ω c 
atan 

(
ω c 

κλ

)
dλ. (62) 
q. (62) provides a mathematical framework to define a new spec-

ral averaging which results in a mean absorption coefficient that

ontrols TRI. The new turbulence mean absorption coefficient can

e calculated, in a first approximation, by dropping the averages

nd primes. By performing this procedure it is assumed that κ ′ 
λ

nd κ ′ 
p are negligible, which has been already substantiated, and

hat the ratio of the fluctuation of blackbody intensity to the mean

s independent of wavelength ( I ′ 
b,λ

/I b,λ(T ) � = f (λ) ) 

κg (T ) 

ω c 
atan 

ω c 

κg (T ) 
≡ 1 

κp (T ) I b (T ) 

∫ ∞ 

0 

κ2 
λ(T ) 

I b,λ(T ) 

ω c 
atan 

(
ω c 

κλ(T ) 

)
dλ

(63) 

or simplicity, κ in Eq. (49) for the calculation of ω c is substituted

ith κ p both on the LHS and RHS of Eq. (63) . The newly defined

g can be used to substitute κp in the coupling function f G , such

hat the linear relation between G rms and θ rms can be written as 

 

� 
rms (κg ) = 

f E · κg ( T ) + f κg 
( E − G ) 

ω c 
atan 

(
ω c 

κg ( T ) 

)
· θrms . (64) 

Fig. 16 shows profiles of κg compared to κp as functions of

emperature and the respective G rms profiles, both obtained from

NS and predicted by κp and κg . From top to bottom, Fig. 16 dis-

lays profiles for case H, C, and P, respectively. For all non-gray

as cases, using κg in the definition of f G , leads to an accurate

rediction of incident radiation fluctuations. Contrarily, employing

p always results in an under-prediction of G 

′ . In particular, the

isagreement is lowest for case P and the largest for case C. This

iscrepancy can be related to the difference between κg and κp .

hile for case P, κg < 1.4 κp , for case H, 1.45 κp < κg < 2 κp and for

ase C 3 κp < κg < 8 κp . As can be noted, for all the cases consid-

red herein κg > κp . Yet, there is no proof to claim that this must

e always the case. Nevertheless, it is apparent that the differ-

nce is related to the variability of the absorption spectrum. For

xample, if the absorption coefficient is independent of the wave-

ength (i.e., gray gas), then κg = κp . On the other hand, if the ab-

orption coefficient shows a large variability, the weighting func-

ion ( κλ/ ω c )atan( ω c / κλ) within the integrand in Eq. (63) filters out

he lowest, while retaining the largest spectral absorption coeffi-

ients. In other words, only the spectral lines with a large enough

bsorption coefficient will produce a noticeable G 

′ 
λ

and contribute

o the integrated effect. 

Based on this analysis, it is now possible to define a new effec-

ive optical thickness τ g by spatially averaging κg in wall-normal

irection, as follows 

g = 

1 

2 

∫ 2 

0 

κg ( T ) dy. (65) 

he obtained values of τ g compared to τ are summarized for the

on-gray gas cases in Table 3 . In contrast to τ , the new parameter
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Fig. 16. Left: Planck mean absorption coefficient and turbulence mean absorption coefficient for cases H (top), C (center) and P (bottom) as a function of the temperature. 

These profiles are contingent to a turbulent fully developed channel flow. Lines of constant multiples of κp are added as a reference in gray. Right: Comparison between G rms 

obtained by DNS (symbols) and G � rms obtained from Eqs. (44) and (64) for cases H (top), C (center) and P (bottom). 

Table 3 

Comparison between τ and τ g . 

Case H C P 

τ 8.02 2.99 2.79 

τ g 13.4 18.9 3.1 
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for the optical thickness τ g is able to characterize TRI. Based on

τ g , case C has the highest optical thickness, followed by case H

and P, consistent with what has been observed in the DNS results.

It is possible to conclude, that κg is not only a convenient quantity

useful to predict the fluctuations of incident radiation but also the

parameter which unambiguously characterizes TRI in a non-gray

turbulent flow. 

Hereafter we provide a physical interpretation for the reason

why τ g is able to properly characterize TRI, where the other spec-

trally integrated parameters fail. The spectral transmissivity t λ and

normalized emission i λ are defined as 

 λ = e −κλ i λ = 

κλI b,λ

max (κλI b,λ) 
. (66)

While t λ is a measure of absorption and, if integrated, leads to the

global transmissivity t, i λ shows the redistribution of emission over

the wavelength and forms the basis τ ’s definition. 

The comparison between cases P and C, shown in Fig. 17 , dis-

plays quite effectively why neither τ or t can be used for charac-

terizing TRI. If the t λ is considered, case P appears the optically

thickest case ( t = 0 . 10 see Table 2 ), while case C, due to the lim-

ited width of the absorption bands is in average relatively trans-

parent ( t = 0 . 88) . If the combination of t λ and i λ is taken into ac-

count on a spectral basis, it is possible to show why τ and t fail.

While i is significant throughout the whole spectrum for case P,
λ
or case C the emission is confined in regions where t λ → 0 result-

ng in an optically thick behaviour. It is not possible to categorize

RI if one of the two effects is neglected (i.e., using τ or t ) since

RI is driven by the dual effect of emission and absorption on a

pectral basis. On the other hand, deriving the definition of a new

arameter based on G 

′ , as done in Eq. (63) , allows to take into ac-

ount the dual effect of spectral emission and absorption, since G 

′ 
s necessarily produced by local E ′ , see Eq. (42) . The connection of

 λ and t λ on a λ basis is intrinsically included in the definition of

g which is, therefore, the appropriate parameter to characterize

RI. 

. TRI correlations 

Classically, TRI has been studied with the use of correlations

hat describe the influence of radiative field fluctuations. In partic-

lar, the focus has always been on identifying the deviation of the

adiative heat source from the one obtained by mean quantities.

his corresponds to investigating the κ ′ , E ′ , G 

′ → θ path in Fig. 1 .

he definition of TRI correlations follows from the averaging of

q. (8) 

 r = κ p E − κ p G + κ ′ 
p E 

′ ︸︷︷︸ 
emission TRI 

− κ ′ 
p G 

′ ︸︷︷︸ 
absorption TRI 

(67)

here the last two terms are the TRI contributions divided into

mission and absorption TRI. The correlations, relate the magni-

ude of the TRI terms to the averaged terms, as done in [4] 

 κE ≡ −κ ′ 
p E 

′ 

κ p E 
R κG ≡ −κ ′ 

p G 

′ 

κ p G 

. (68)
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Fig. 17. Spectral transmissivity and normalized emission for non-gray cases P and C at 800 [K]. 

Fig. 18. TRI correlation and their models for the non-gray cases. Symbols: DNS results ( R κE and R κG ). Lines: modeled terms ( R � κE and R � κG ). 
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hese can be estimated using temperature variance as 

 

� 
κE = − f κ f E 

κ p E 
θ ′ 2 R 

� 
κG = − f κ f G 

κ p G 

θ ′ 2 . (69)

Fig. 18 shows the above defined TRI correlations obtained by

NS, compared to the modeled terms showing an excellent agree-

ent. Notice that, indeed, the magnitude of the correlations is

elatively low O (10 −3 ) confirming that the direct influence of ra-

iative fluctuations on the mean temperature is negligible in non-

eactive turbulent flows. 

0. Summary and concluding remarks 

In the present work, we performed a comprehensive study to

uantify the effect of κ on TRI in a turbulent channel flow of an

bsorbing, emitting participating media. The analysis has been re-

lized with the aid of DNS of a gray gas with κ = f (T ) and a non-

ray gas with different absorption spectra. We analytically derive

elations that express radiative field fluctuations as linear functions

f temperature fluctuations. The assumptions employed have been

ritically assessed by comparing the predictions with DNS show-

ng an excellent accuracy. These derivations allowed to identify the

mpact of κ and κ ′ on the modification of the temperature field.

nvestigating the gray gas results, it was demonstrated that TRI, in

he investigated cases, is fully accounted for by the variations of

he mean absorption coefficient alone. For all purposes, in a non-

eactive turbulent flow, κ ′ can be neglected, independently from

he value of τ . 

Moreover, we defined a diagnostic quantity A κ/ (E κ − A κ ) that

llows a monotonic comparison between TRI for flows of differ-

nt τ values. With this quantity, the influence of TRI for three

ifferent non-gray gas cases was assessed. The results show that

he behaviour of a non-gray gas is decoupled from the value of

he Planck-mean optical thickness. In particular, the variability of

he absorption spectrum impacts the interactions between tem-

erature and radiative field. Therefore, from the approximation of

ncident radiation fluctuations (which are responsible for the be-
avioural changes in TRI effects), a new definition of spectrally av-

raged absorption coefficient has been derived. This new turbu-

ence based mean absorption coefficient κg proves to effectively

redict TRI in non-gray gas turbulent flows. In addition, κg pro-

ides the base for the definition of a new optical thickness τ g 

hich allows a conclusive comparison among gray and non-gray

ases. 

ppendix A. Incident radiation turbulent spectrum 

The derivations performed in Section 4.3 rely on a Fourier

ransformation of the incident radiation. In doing so, the modes

f G are related to the E and κ modes. It is necessary, there-

ore, to verify if the derivations hold in a Fourier transformed do-

ain, before the inverse Fourier transform, Eq. (42) , is performed.

rom Eq. (41) , by neglecting the influence of absorption coefficient

odes, we obtain 

̂ 

 

′ ≈
(

κ

ω c 
atan 

ω c 

κ

)
· ̂ E ′ . (A.1) 

ue to the considerations performed in Section 8.2 , in case of a

on-gray gas, the κ in Eq. (A.1) is substituted with κg . The approx-

mation of the incident radiation turbulent spectrum follows 

 G ≈ S � G = 

(
κ

ω c 
atan 

ω c 

κ

)2 

· S E , (A.2)

here S � G is the model for the incident radiation spectra. Eq.

A.2) entails that the shape of S G is the same as for the E spec-

rum. This is not necessarily true, but it is a more appropriate ap-

roximation as τ (or τ g for non-gray gas) grows. 

On the other hand, a relevant level of G 

′ is found only at high τ .

n general, as the G spectrum increases in value, it approaches S E ,
hich is the limit in the case τ (or τ g for non-gray gases) → ∞ .

ig. A.1 shows the streamwise pre-multiplied turbulent incident ra-

iation spectrum for the different cases, in the center of the chan-

el ( y/δ = 1 ) and near the wall ( y/δ = 1 . 93 ). Fig. A.1 proves that

he incident radiation spectrum, in these cases, can be approxi-

ated using the turbulent emission spectrum. 
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Fig. A.1. Profiles of streamwise pre-multiplied incident radiation spectra for the different cases. Symbols represent DNS obtained profiles, lines show the S G approximated 

with formula (A.2) . 
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